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ARTICLE INFO ABSTRACT

Editor: A. Schwenk

The spectrum of >Be exhibits exotic features, e.g., an intruder ground state and shape coexistence, normally

associated with the breakdown of a shell closure. While previous phenomenological treatments indicated the
ground state has substantial contributions from intruder configurations, it is only with advances in computational
abilities and improved interactions that this intruder mixing is observed in ab initio no-core shell model (NCSM)
predictions. In this work, we extract electromagnetic observables and symmetry decompositions from the NCSM
wave functions to demonstrate that the low-lying positive parity spectrum can be explained in terms of mixing of
rotational bands with very different intrinsic structure coexisting within the low-lying spectrum. These observed
bands exhibit an approximate SU(3) symmetry and are qualitatively consistent with Elliott model predictions.

1. Introduction

A breakdown of the N = 8 shell closure in neutron-rich '?Be is sup-
ported by both experimental [1-26] and theoretical [27-47] evidence.
The compressed OT to ZT level spacing [1,48], larger proton radius [19],
and higher B(E2;2] — 07) value [16,22], in comparison with neigh-
boring 1°Be, all point to a significantly deformed intrinsic state, not
the spherical shape expected at a shell closure. Shell model and clus-
ter molecular orbital descriptions, as well as spectroscopic factors, all
indicate the 2Be ground state is an admixture of 0%® (normal) config-
urations with a filled neutron p shell and 27w (intruder) configurations
with two neutrons promoted to the sd shell [8-11,24,29-31]. Although
the specific admixture is model dependent, the largest contribution is
consistently identified to be 2Aw, i.e., the ground state is an intruder
state.

Efforts to understand the structure of these low-lying states in '2Be
have largely been restricted to phenomenological models. In this work,
we focus on understanding the low-lying spectrum of '?Be from an ab
initio perspective. Specifically, we use the no-core shell model (NCSM)
framework [49] in which energies and wave functions are obtained
by solving the non-relativistic Schrédinger equation in a basis of an-
tisymmetrized products of harmonic oscillator states. Earlier NCSM cal-
culations of '?Be were computationally limited to model spaces insuf-

ficient to reproduce the intruder nature of the ground state [43,44].
However, here, by exploiting computational advances which have ex-
tended the reach of large-scale NCSM calculations, in combination with
a sufficiently soft but still realistic interaction, we are able to obtain
predictions for the low-lying spectrum that are in reasonable agreement
with experiment. Specifically, model spaces in the present work reach a
dimension of 3.5 x 10'°, and we use the Daejeon16 internucleon inter-
action [50], which is based on chiral effective field theory but softened
to improve numerical precision in a truncated basis.

Ab initio calculations thus obtained — without explicit inclusion of
shell structure, clustering, or collectivity — can now be used to probe the
intrinsic structure of the low-lying spectrum of '?Be and identify simple,
more intuitive pictures for approximately describing the spectrum. In
particular, we focus on the intrinsic structure of the ground state and
the long-lived 0" state at 2.251(1) MeV [11].

Intruder states are thought to be a result of competition between shell
structure and particle correlations [51-54]. Near a shell closure, normal
configurations have little correlation energy, while intruder configura-
tions can achieve a much larger correlation energy through deformation.
Thus intruder states are expected to have highly deformed intrinsic
states relative to other nearby normal states (shape coexistence), which
often results in intruder rotational bands with large moments of iner-
tia. In the low-lying NCSM-calculated spectrum presented in this work,
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such intruder bands are observed along with a normal band built on the
excited O state. Similar bands were observed in previous theoretical
investigations [42,44]. In this work, the intrinsic shapes of these bands
are probed by calculating proton and neutron radii and quadrupole mo-
ments.

However, the simple description of shape-coexistent rotational bands
is insufficient to describe the low-lying spectrum of '?Be. Transitions
between bands with markedly different intrinsic shape are expected to
vanish [55,56]. Thus the measured 0; — 0% EO transition [14] can be
taken as an indication of mixing [55]. To gain insight into the mixing
of the states as well as extract properties of the pure rotational bands,
we apply a two-state mixing analysis to the calculated spectrum. We
demonstrate that two-state mixing combined with the rotational picture
well describes the low-lying spectrum of '?Be.

In light nuclei, where an intrinsic shape is often not sharply defined,
the assumption of vanishing transitions between states with different
shape is not as well motivated as in heavier systems. However, as we
demonstrate in this work, the vanishing interband transitions can al-
ternatively be understood in the context of an emergent approximate
symmetry, specifically Elliott’s SU(3) symmetry [57-68], which is tied
to both nuclear rotation and deformation as well as microscopic correla-
tions. We will demonstrate that the rotational bands exhibit this approx-
imate symmetry and discuss the consequences for transition strengths.

In this work, we first present the NCSM calculated spectrum and
identify emergent rotational bands (Sec. 2). We then apply the two-state
mixing model to “un-mix” the rotational bands and extract information
about the intrinsic states of the pure rotational bands (Sec. 3). Finally,
we interpret the NCSM results in the context of Elliott’s SU(3) frame-
work (Sec. 4).

2. Intruder band in >Be

Rotational states are characterized by a deformed intrinsic state ro-
tating in the lab frame. An intrinsic state which is rotationally symmetric
about one of the principal axes is labeled by K, the projection of an-
gular momentum J onto the symmetry axis in the body-fixed frame.
Rotational band members, i.e., states with the same intrinsic state but
different angular momenta, are identifiable as states connected by E2
transitions enhanced relative to single-particle estimates. Band members
have characteristic energies given by

L
E()=Eg+ 320 (7 +1), o)}

where T is the moment of inertia and E, is the energy intercept.
Rotational bands emerge in the low-lying spectrum of !2Be, as shown
in Fig. 1. (Results are shown from NCSM calculations with the Dae-
jeonl6 interaction, in a harmonic oscillator space with 7w = 15 MeV
and N, = 12, obtained using the code MFDn [69-71].) Excitation
energies (symbols) are plotted versus J on an axis that is scaled by
J(J + 1) so that band members lie along a straight line. Gray lines
between states denote E2 transitions. Thickness and shading are propor-
tional to the transition strength. Three rotational bands are identified:
two K =0 bands (red diamonds and blue circles) and a K = 2 band
(gold hexagons). Fits to the rotational energy formula are indicated by
the dashed and dotted lines. Excitation energies of the yrast K = 0 band
are in reasonable agreement with experimental values (green lines) [1]
for the OT, ZT and (probable) 4?.1 The calculated band head of the yrare
K =0 band lies just above the experimental 0; state. However, the cal-
culated 2* member of the yrare band lies at a higher energy than the
possible 2+ state at 4.590(5) MeV by about 1 MeV.? The band head ex-

1 The state at 5.724 MeV has been classified as a (4*,2*,37) state, but the 4™
assignment is preferred [1].

2 The state at 4.580(5) MeV has been classified as a (2+,3~) state [1]. A more
recent experiment [26] measured a resonance at 4.8(1) MeV tentatively classi-
fied as a 2* state (not shown in Fig. 1).

Physics Letters B 856 (2024) 138870

E _ O
100 39 o
B\ =
- O
%
= 12"
Daejeon16
hw = 15 MeV
A\vmux =12
01 2 3 1 5 6

Fig. 1. NCSM calculated spectrum of '’Be, shown as excitation energies ver-
sus J, scaled by J(J + 1) so that rotational band members lie along a straight
line. Calculated states (filled symbols) are either identified as members of three
rotational bands (see text) [K = 0;" (filled red diamonds), K = Oxorm (filled
blue circles), and K = Zi’l'm (filled gold hexagons)] or left unassigned (gray
filled squares). Experimental excitation energies [1] (horizontal green lines)
are shown for comparison, with parentheses indicating tentative J” assignment
(see text). Calculated E?2 transitions originating from band members are indi-
cated by solid lines (thickness proportional to E2 strength). Energies for “pure”
states after “un-mixing” (open symbols) and corresponding rotational energy
fits (dashed and dotted lines) are also shown (see Sec. 3). All calculated states
through E, = 12 MeV are shown, supplemented by the lowest few states with
J=5and 6.
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Fig. 2. Decomposition by N, of wave functions of representative members of
the (a) K =0 yrast band and (b) K =0 yrare band identified in Fig. 1 (Sec. 2).
(c,d) Decomposition by N, of pure wave functions (Sec. 3) of representative
members of the same bands, respectively. Decomposition by N,, is trivially ob-
tained by summing probability of harmonic oscillator configurations with given
N,

ex*

citation energy of the K =2 band is in good agreement with a probable
2% state observed at 7.2(1) MeV.

That the ground state band extends beyond J = 2 is the first in-
dication that the band members (thus including the ground state) are
intruder states. The maximum angular momentum that can be attained
in the normal shell model valence space for '?Be, with a closed N =8
shell, is J = 2. If the ground state band consisted of normal states, it
could not extend past J = 2.

With access to the underlying calculated wave functions, we can di-
rectly probe the structure of the band members. By decomposing the
wave functions by the number N, of excitation quanta, we find that
all of the members of the yrast band (red diamonds in Fig. 1) are in-
truder states. In the NCSM, wave functions are expanded in terms of
configurations, i.e., distributions of nucleons over oscillator shells, with
N up to some cutoff N ... We classify a state as “normal” if the N,
providing the largest contribution to the wave function is N, =0 and
as “intruder” otherwise. To classify the bands in Fig. 1, the wave func-
tions of the band members are decomposed by N, as shown in Fig. 2.
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Fig. 3. Proton (top) and neutron (bottom) radii, for representative members of the (a,b) K = 0 intruder, (c,d) normal, (e,f) pure intruder and (g,h) pure normal bands,
shown with respect to N ... Also shown are the experimental value for r,,(OT) [1] [green square, in panel (a)] and an estimate for rp(O;) inferred from experimental

quantities (see Sec. 3) [green squares, in panel (c)]. Calculations are for the Daejeon16 interaction, with iw = 15 MeV.

Each of the states in the K =0 yrast band members have a largest con-
tribution from N, =2 configurations [Fig. 2(a)]. Thus the states form
an intruder band. In contrast, the two states forming the yrare K =0
band (blue circles) are normal states, i.e., with largest contribution from
N, =0 configurations [Fig. 2(b)].? For the remainder of this paper, we
will label the K =0 bands as intruder (i.e., K = Oifm) and normal (i.e.,
K= Ozorm)'

Under the adiabatic assumption, the energy scale for rotational ex-
citations is small compared to the energy scale for intrinsic excitations.
Thus the intrinsic structure is the same for all members of a pure rota-
tional band.* That the calculated members of each band in Fig. 1 have
similar N, decompositions (Fig. 2) is approximately consistent with
this assumption.

The intrinsic state is also often presumed to have a well-defined
quadrupole shape. Here we consider the proton and neutron radii and
intrinsic quadrupole moments Q,, which characterize the quadrupole
shape of the intrinsic state; these properties are related to the quadrupole
deformation by f « Q,/{r?). Since the r? operator is scalar, a radius
calculated in the lab frame can immediately be identified with a radius
in the body-fixed frame. However, the intrinsic quadrupole moment
can only be obtained indirectly from quadrupole moments and B(E2)
values. For a symmetric rotor both these observables are proportional
to the same intrinsic quadrupole moment, where the proportionality
factors are given in terms of Clebsch-Gordan coefficients and angular
momentum dimension factors [72]:

3K2—J(J +1)

0= Tiner+3)

Oy, (2)

3 The remaining calculated states shown in Fig. 1 (including the members of
the K =2 band) are predominantly intruder in character. Based on the states
which can be constructed in the shell model valence space for '>Be, we would
expect a total of two 0%, one 1+, and two 2* normal states. However, based on
results obtained at lower N,  (not shown), the remaining normal states can
be expected to lie at excitation energies of > 12 MeV in the present calcula-
tions, and thus above the portion of the excitation spectrum included in Fig. 1.
Moreover, at these energies, well into the continuum, there is a high density
of calculated states, and the normal states are susceptible to fragmentation by
mixing with nearby intruder states.

4 Here we assume that the members of the rotational bands can be factorized
into an intrinsic wave function and a rotational wave function [72]. Expectation
values of scalar operators, which act as the identity on the rotational wave func-
tion, can be identified as properties of the intrinsic state. Such operators include
r? as well as projection operators used in N,,, SU(3) and spin decompositions
presented in this paper.

and

5
BE2;J; = J ) = 1= (J K201 1 K)*(€Qp)’, (3)

respectively.

For an ideal rotor, the radii of all band members are the same. As
shown in Fig. 3, radii within each calculated band are indeed similar in
size, but values are not constant. Although the values are not converged
with respect to N, .., proton and neutron radii in the intruder band
members [Fig. 3(a,b)] have a clear dependence on angular momentum
J. In the rotational framework, the increase in radius with J could be
attributed to centrifugal stretching. In the normal band [Fig. 3(c,d)],
there is again an angular momentum dependence. However, here, both
the proton and neutron radii decrease with increasing J.

Similarly, the Q extracted from the various spectroscopic quadru-
pole moments and E?2 transitions within the band should also be consis-
tent. In Fig. 4, the proton intrinsic quadrupole moment Q, , [Fig. 4(a)]
and neutron intrinsic quadrupole moment Q,, [Fig. 4(b)] of the in-
truder band are extracted from the quadrupole moments of the 2;" and
4;m states as well as the ZiTm - O;m A 2;" B(E?2) values.
For the normal band, Oo, [Fig. 4(c)] and Q) , [Fig. 4(d)] are obtained
from the quadrupole moment of the 2% state and the 2% — 0F
B(E?2) value. Though there are some small discrepancies in the values
obtained for Q) , in either band, the values overall appear to be com-
parable and thus consistent with rotor model expectations. There is,
however, a larger spread in the values extracted for Q, within each
band, but the values do appear to be converging towards a more similar
value by N, =12.

While an approximate rotational picture emerges in the '?Be spec-
trum, the spread in radii and intrinsic quadrupole moments within each
band suggests that the simple picture provided by the rotational model
is incomplete. An additional discrepancy is noted in the energies of the
yrast band. As shown in Fig. 1, the O:nr lies almost 1 MeV below the ro-
tational energy (red dashed line) obtained by fitting (1) to the 4* and
6% members of the intruder band.® However, as we demonstrate in the
following section, deviations from rotational expectations can largely be
understood as a consequence of mixing [73,74] of same-J members of
the two rotational bands.

5 Equivalently, if we were to fit the rotational energy formula to the 0* and
2* band members, the energies of the 4* and 6" band members would be well
below the rotational energies.
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Fig. 4. Proton (top) and neutron (bottom) intrinsic quadrupole moments for the (a,b) K = 0 intruder, (c,d) normal, (e,f) pure intruder, and (g,h) pure normal bands,

as extracted from the calculated spectroscopic quadrupole moments and B(E2) values within these bands, shown with respect to N,

Daejeonl16 interaction, with sw =15 MeV.
3. Band mixing

Deviations from rotational expectations can largely be understood
as a consequence of mixing [73,74] between same-J members of the
two K =0 bands. To gain insight into the mixing of these states, we
apply a two-state mixing model in which we assume that the proton EO
transitions between pure intruder and normal states vanish.

Our assumption that the EQ transitions between the pure states van-
ish is motivated by the observation that the radii and quadrupole mo-
ments of the two bands differ. As shown in Fig. 3(a,c), the proton and
neutron radii of the 0" and 2% intruder band members are larger than
those of the corresponding normal band members at each N ,,. More-
over, the Oy, of the intruder band is significantly larger than that of the
normal band, implying a significant difference in neutron quadrupole
deformation and thus in the intrinsic shape. In the limit where the in-
trinsic state is assumed to have definite shape (and is thus an eigenstate
of r2), matrix elements of the EO operator between bands with different
intrinsic shapes must vanish.

Requiring the EOQ transition between the pure states to vanish allows
us to extract a mixing angle #, which can be used to extract values for
energies, radii, and electromagnetic transitions and moments for the
pure rotational bands. The mixing angle between two states |y;) and
|y, ) under this assumption is deduced to be

2 {y IM(EO)|yr)
(wa I M(EO)|y) — (wi | M(EO) )

For the calculated states at N, = 12, the mixing angles between
the two 0% states and between the two 27 states are thereby found to
0+ =26.3° and 0,+ = 11.2°, respectively. However, as shown in Fig. 5,
the degree of mixing is highly N, -dependent. The fractions P(pure)
of the (left) Oitm and (right) 2;’1” state, coming from the pure intruder
(red diamonds) and pure normal (blue circles) states, respectively, are
shown in Fig. 5 (top). At N, =6, the O;l’m state is approximately 70%
pure intruder and 30% pure normal. Then, at N, =8, the state is
nearly 50% pure intruder and 50% pure normal. The fraction of the
state which is pure normal then decreases with increasing N,,.,. Note
that, since the mixing of the states is symmetric, when the Oitm state is
70% pure intruder and 30% pure normal, the 0% is 70% pure normal
and 30% pure intruder. The 2" states follow a similar evolution with

tan26 = (©)]

Nppax- BY Ny = 12, the 27 states are almost entirely pure states.
Much of the N, ., dependence of the mixing is an artifact of levels

crossing as the energies of the band members converge with N, . In
the present calculations for '2Be, the relative energies of levels within
a band, and thus the moment of inertia of the band, is well-converged

Calculations are for the

max*

1.0F LT ="
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Fig. 5. (Top) Fraction of the (left) 0} and (right) 2/ ~wave function coming
from the pure intruder state (red diamonds) and pure normal state (blue circles),
given by cos? 8 and sin® 6, respectively, shown with respect to N .« Fractional
contributions corresponding to the estimated experimental mixing angle (green
symbols, labeled “Exp.”), corresponding to old and new E2 strengths (left and
right symbols, respectively), are also shown (see text). (Bottom) Convergence of
NCSM calculated energies of the 0 and 2* band members (filled) and energies
of the pure band members (open), shown with respect to N, .. Experimental
values [1,75] are also shown (horizontal green line).

even at low N .. (this is much as previously seen in NCSM calculations
for rotational band structure, in both ?Be and its neighbors [44,66]).
However, the energies of the different bands relative to each other are
not necessarily well-converged, and intruder bands descend rapidly in
energy relative to normal bands. The energies of the 0t and 2+ members
of the K =0 bands are shown in Fig. 5 (bottom). At N .. = 6 the mem-
bers of the normal band (blue circles) are lower in energy than those
of the intruder band (red diamonds). At N, = 8, where the states are
maximally mixed, the pure states (open symbols) are nearly degenerate.
Within increasing N, the pure states move further apart in energy and
the mixing correspondingly decreases.

Calculated E?2 transition strengths are shown in Fig. 6, both between
the mixed states as they come out from the NCSM calculation (filled
symbols) and then between the pure states after un-mixing (open sym-
bols). Though not converged, the calculated 2;’1” - 0;;” [Fig. 6(a)] and
2+ - 0* [Fig. 6(d)] transition strengths (between mixed states) are

intr norm
reasonably consistent with experimental values (green squares). The im-
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Fig. 6. Strengths of in-band (top) and interband (bottom) E2 transitions, pre-
sented as the magnitude of the reduced matrix element, shown with respect
to N,... Experimental values (green squares) are given for the 2 — O:;m
(Refs. [1,16] or [22], left to right) and 2*]lr —0F [1,14] transmons Reduced
matrix elements are defined following the Wigner-Eckart theorem normalization
convention of Edmonds [76]. Calculations are for the Daejeonl6 interaction,

with Aw = 15 MeV.

pact of the mixing on the in-band 2+ — 0% transitions [Fig. 6 (top)], for
both the intruder [Fig. 6(a)] and normal [Fig. 6(b)] bands, is small, in
part because the matrix elements of M, (E2) within the two bands are
similar in value at N, =6 and 8, where the mixing is largest.

Like the EOQ transitions, E2 transitions between pure band members
with different intrinsic shapes are expected to vanish. As seen in Fig. 6
(bottom), the transitions between the pure bands (open symbols) are
indeed highly suppressed relative to the transitions between the mixed
states (filled symbols). This indicates a degree of consistency in the two-
state mixing calculation. Namely, choosing the mixing angle via (4), so
as to enforce the assumption that the EQ transition between pure states
vanishes, also consistently leads to a near-vanishing of the E2 transition
between the pure states.

Mixing angles cannot be unambiguously extracted from the limited
set of experimentally available observables for '2Be. However, if we
assume that the 2% states are approximately pure states, as suggested
by the discussion above, a reasonable estimate for the mixing angle can
be deduced from the measured E2 strengths. Both the O; - ZT and
2;’ - OI’ strengths are known [1]. If the ZT state is taken to be the pure
intruder 2% state, which can only decay to the pure intruder 0% state,
then any fragmentation of the E2 strength from the 2T state over the two
physical 0* states thus represents fragmentation of the pure intruder 0"
state over those two states. The mixing angle is consequently given by

2 neXp _
ot

()

‘<0;||M,,(E2>||21+> ?
tan’

(OFIM(ED)[12])

or, equivalently, tan? 0;1" = B(E2;2} — 0})/B(E2;2] - 0).

Using the evaluated experimental E2 strengths [1] yields a mixing
angle of 6,” =23(4)°, while using a more recent 2* lifetime measure-
exp

ment [22] significantly revises the 2+ - 0+ strength, yielding 0,
17(2)°.° The corresponding fraction of the physmal state which comes

6 For the ZT - 01+ transition, the evaluated strength [1] is based on the ZT life-
time measurement of Imai et al. [16], which gives B(E2; 2T — OT) =8(3) ezfm“,
while the lifetime of Morse et al. [22] yields B(E2;2} — 07) = 14(2) e*fm*.
For the O;r - 21+ transition, the evaluation [1] combines the 0; lifetime mea-
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from the pure intruder state is shown in Fig. 5 (top) (green symbols la-
beled “Exp.”), for both the old and new E2 strengths (left and right,
respectively). Though not fully converged, the calculated 6+ [and thus
P (pure) for the O;m state] are reasonably consistent with the two ex-
perimental mixing angles.

Incidentally, using this experimental estimate for the mixing an-
gle (based on the assumption of unmixed 2% states), we can then es-
timate r (0+) by inverting (4). Combining GexP from above with the
measured ground state proton radius [1] and the measured EO tran-
sition strength between the Ot states [14], we obtain the estimated
values for r (O+) shown in Fig. 3. Taking GeXp 23(4)°, the radius is
given by rp(O;) = 2.30(5) fm, which is con51stent with theoretical cal-
culations. With 67" = 17(2)°, we obtain r,(07) = 2.25(3) fm, which is
slightly smaller than the calculated r,(0f ). The uncertainties quoted
here include only experimental uncertamtles, and do not account for
uncertainties arising from the assumptions underlying the estimate.

With the two-state mixing picture established, we turn our attention
to the impacts of mixing on the observables discussed above (Figs. 1-5).
Most of the discrepancies from rotational expectations noted in the pre-
vious section can be understood as resulting from mixing of the pure
bands.

As noted in Sec. 2, the energy of the 0;" state [Fig. 1 (filled red dia-
mond)] is pushed down relative to the energy which would be expected
from fitting the rotational energy formula (1) to the 4* and 6 states
(red dashed line). This deviation in energy of the 0;’1 . State from the ro-
tational prediction is largely a result of two-state mixing; level repulsion
pushes the OJr . State down in energy relative to the pure state [Fig. 1
(red dlamonds)] while pushing the 0} state up in energy [Fig. 1 (blue
circles)]. The energy of the pure 0;;ltr state is much closer to the rota-
tional energy.

Notice that the level repulsion between the 0" states creates an il-
lusion regarding the moments of inertia of the bands. If one naively
interprets the energy difference between the (mixed) 0t and 27 states
within each band as a measure of the rotational moment of inertia of
that band, then it appears as though the bands have near identical mo-
ments of inertia. In contrast, the slope of the rotational energy fit to the
pure normal states (blue dashed line) is more than 1.5 times larger than
the slope of the rotational energy fit for the intruder band (red dashed
line, fitted to the 4% and 6 members), which translates into a moment
of inertia which is more than 1.5 times smaller for the normal band than
for the intruder band.

Both the radii and intrinsic quadrupole moments extracted from the
different states within each band are now more consistent, when we use
the pure states. The proton radii of both bands, as shown in Fig. 3(e,g),
are nearly constant with J, at a given N, .., in comparison to the sit-
uation for the mixed states [Fig. 3(a,c)]. Similarly, while the neutron
radii of both bands [Fig. 3(f,h)] do still have a J dependence, the ef-
fect is much smaller than before [Fig. 3(b,d)]. The intrinsic quadrupole
moments of the pure states, as shown in Fig. 4(e-h), are also more con-
sistent with the rotational expectations, than previously found for the
mixed states [Fig. 4(a-d)]. In particular, there is very little difference
among the Q,, values within each pure band, with the exception of
Qy,, within the pure normal band [Fig. 4(g)]. For this quantity, the val-
ues extracted from the spectroscopic quadrupole moment Q(2) and the
B(E?2) differ even more than they did for the values extracted from the
mixed states [Fig. 4(c)]. The difference in extracted Q, , may be an in-
dication that the two pure normal states do not form a well-defined
rotational band, even though the E2 transition between the states is en-
hanced. This is perhaps unsurprising, given the weaker deformation and
extremely truncated nature of the normal band.

surement of Johansen et al. [21] with the EO/E2 branching ratio measure-
ment of Shimoura et al. [14], yielding B(E2;0; — 2}) = 7.0(7) e*fm*. Note

B(E2;2-0)= 5113(152;0 -2).
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The differences in radii between the intruder and normal states are
much more pronounced when we consider the pure states than was ap-
parent for the mixed states. Most notable is the difference in neutron
radii of the 07 states: whereas the neutron radii of the mixed 0" states
[Fig. 3(b,d)] are very similar in value, the neutron radius of the pure
Oi“:m state [Fig. 3(f)] is significantly larger than that of the pure 0:;0 m
state [Fig. 3(h)]. By N, = 12 both the proton and neutron radii of the
pure intruder band [Fig. 3(e,f)] are more than 0.1 fm larger than the
corresponding radii for the pure normal band [Fig. 3(g,h)]. Note that,
because the EOQ transitions are assumed to vanish between pure states,
the radii of the mixed states can be interpreted as weighted averages
of the radii of the pure states, with weights determined by the mixing
angle.

The Q,, of the pure normal band is close to zero [Fig. 4(h)], as
one would expect for a nucleus with a closed neutron shell, in compar-
ison to a much larger Q, [Fig. 4(f)] for the pure intruder band. The
large difference in Q,, of the two pure bands mirrors the difference in
the rotational moments of inertia of the pure bands (discussed above)
[Fig. 1 (dashed and dotted lines)], thus suggesting that the difference
in moments of inertia reflects an underlying change in neutron intrinsic
structure.

The pure states are also more distinctly intruder and normal in their
N, content. Decompositions by N, of the pure states are obtained by
first un-mixing the calculated wave functions of the 0 and 2% states.
The wave functions of the pure states can then be decomposed by N,
in the same manner as the wave functions of the mixed states. The N,
decompositions are shown in Fig. 2 for the pure intruder [Fig. 2(c)] and
pure normal [Fig. 2(d)] band members. The pure O:m and 2;” states
look more “intruder-like”, in that the N, = 0 contributions, which were
still significant for the mixed 0t and 2+ intruder states [Fig. 2(a)], nearly
vanish in the pure states [Fig. 2(c)]. In addition, the decompositions of
the members within a band are now more similar.

We thus see that combining the rotational picture with two-state mix-
ing provides a reasonable description of the low-lying positive-parity
spectrum of '2Be, at least within the present NCSM calculations with
the Daejeon16 interaction. Here it is to be emphasized that such a mix-
ing analysis could only be carried out since the Daejeon16 interaction
provides comparatively rapid convergence of the energies of the in-
truder states relative to the normal states. The normal and intruder
rotational bands in ?Be (or at least representative members thereof)
were observed in previous NCSM calculations [43,44] with other inter-
actions. However, in those calculations, the intruder band, while falling
in energy with increasing N, still lies about 10 MeV to 20 MeV
above the normal band, even in the largest model spaces considered
(Npax = 8-10).

In this section, the assumption that the EQ transition vanishes be-
tween pure states is motivated by the assumption that the intrinsic state
of the rotational bands is an approximate eigenstate of the r> opera-
tor. In the following section, we demonstrate that vanishing transitions
can also be motivated by the emergence of an approximate SU(3) sym-
metry, without assuming rotational structure or well defined intrinsic
shape. Though the SU(3) symmetry is only approximate, it does pro-
vide selection rules on the transition operators which support enforcing
vanishing interband transitions.

4. Emergence of Elliott’s SU(3) picture

Elliott’s SU(3) rotational framework provides a link between micro-
scopic correlations and nuclear rotation and deformation. In this frame-
work, there is a rotational intrinsic state which has definite SU(3) sym-
metry with quantum numbers (Ay) [57,58]. In the limit of large 4 and u,
(Au) can be associated with the nuclear deformation parameters f and y,
with larger values of A and u corresponding to a more deformed intrinsic
shape [77,78]. Microscopically, each nucleon within a harmonic oscil-
lator configuration has SU(3) quantum numbers (ix) = (N,0), where
N is the oscillator shell number for the given nucleon. A many-body
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state with definite total (Au) can be obtained by coupling together the
SU(3) quantum numbers of these nucleons according to SU(3) coupling
rules and antisymmetry constraints. This SU(3) state also has definite
total spin .S obtained by coupling the spins of these nucleons together
according to angular momentum coupling rules.

Elliott’s framework captures the competition between shell structure
and correlation energy. In this framework, the model Hamiltonian is
typically given by H = ﬁo — 0 - 0, where H,, is the harmonic os-
cillator Hamiltonian, y is a strength parameter, and 0 is an SUQ3)
generator which is closely related to the physical (mass) quadrupole op-
erator but cannot move a nucleon between oscillator shells [51,59,79].
The first term, H,,, gives rise to shell structure, while the (negative)
quadrupole-quadrupole term gives preference to more deformed nuclear
states.

Traditionally, Elliott’s model was restricted to the shell model va-
lence space, which maps implicitly onto the N,, = 0 subspace. However,
such a picture cannot describe intruder states. Thus, to describe 12Be,
we extend the framework to include SU(3) states in either the N, =0 or
the N, =2 subspaces. Within the N, =0 subspace, the largest defor-
mation corresponds to SU(3) many-body states with quantum numbers
N (Au)S =0(2,0)0, while within the N, =2 subspace the largest de-
formation corresponds to many-body states with N, (44)S = 2(6,2)0.
Qualitatively, the very large deformation associated with a 2(6,2)0
many-body state, as compared with that of a 0(2,0)0 state, overcomes
the (positive) harmonic oscillator energy required to excite nucleons out
of the valence space, bringing the J = 0,2 intruder band members below
the normal states.

The Elliott model Hamiltonian gives rise to rotational bands. The
0 -0 term in the Hamiltonian can be re-expressed in terms of the SU(3)
Casimir operator CSU(3) and the orbital angular momentum operator .2.
The Hamiltonian then becomes H = [H, — )(C‘SU(3)] +3L?, where the
eigenvalue’ of Hy — )(ésua) corresponds to E in (1), and the eigen-
value of 3 ;(Lz corresponds (for S = 0) to the J(J + 1) term in (1).
Unlike the rotational states in the axially symmetric rotational picture
presented in Sec. 2, the SU(3) intrinsic states are not presumed to be
symmetric about any of the principal axes. Thus more than one band,
with different K quantum numbers, can in general be projected out from
the same SU(3) intrinsic state, depending upon the (1) quantum num-
bers.

For '?Be, the rotational bands identified in Fig. 1 are qualitatively
consistent with the rotational bands expected in Elliott’s framework. The
K =0 band projected out from the most deformed SU(3) state in the
Ny =0 space [N (An)S = 0(2,0)0] has members with J =0 and 2,
which qualitatively matches the states appearing in the K =0 normal
band in Fig. 1. An intrinsic state with quantum numbers N, (Au)S =
2(6,2)0 projects out onto two bands, a K =0 band with J =0,2,...,8
members and a K =2 band with J =2,3,...,7 members. The angular
momenta of the states appearing in these bands are consistent with the
K =0 and K =2 intruder bands identified in Fig. 1. Because an SU(3)
intrinsic state has definite N,,, the resulting bands necessarily termi-
nate at or below the maximum J allowed within the N, subspace. For
example, recall (Sec. 2) that the maximum J allowed in the N, =0
space is J =2, and thus the normal band cannot extend past J = 2.

To identify the SU(3) content of the intrinsic states of the bands, we
decompose the wave functions of the band members into contributions
from subspaces with definite N,,(Ax)S.® Decompositions of the 0* and
2* band members into different N,,(4x)S contributions are shown in
Fig. 7. Only subspaces contributing > 5% to at least one state are shown.
As expected, for both of the intruder states [Fig. 7(a,b)], the largest
contribution is from the subspace labeled by N, (4, 4#)S = 2(6,2)0. (This

7 The eigenvalue of the SU(3) Casimir operator for states with definite (Au) is
given by (Cgya)) = 4142 + Au + u? + 304+ p).

8 Here we use the “Lanczos trick” to decompose the wave function. See, e.g.,
Refs. [67,68,80-83].
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Fig. 7. Decompositions of wave functions into contributions labeled by
N (4p)S for the (a,b) intruder, (c,d) normal, (e,f) pure intruder, and (g,h) pure
normal 0" and 2* states. Only those subspaces contributing > 5% to at least one
of the states are shown.

is also true for the K =2 band, not shown.) Also as expected, the largest
Ny (4, u)S contribution to the normal K = 0 band members [Fig. 7(c,d)]
comes from the 0(2,0)0 subspace. These decompositions confirm that
the bands shown in Fig. 1 are consistent with those expected in the
Elliott rotational framework.

Of course, Elliott’s SU(3) symmetry is only approximate [61,62,64—
68]. The largest single N, (4, 4).S contribution in both bands is less than
50%, with the remaining probability fragmented over many other sub-
spaces with different N,,. However, there is also fragmentation even
within the low-N,, subspaces, and a substantial part of this fragmenta-
tion is due to the two-state mixing. Fig. 7(e-h) shows the decompositions
for the pure states, in which much of the fragmentation observed for the
mixed states [Fig. 7(a-d)] is eliminated. (We note that, in both the pure
normal and pure intruder states, much of the remaining fragmentation
over N, comes from subspaces labeled by quantum numbers which
would be consistent with symplectic excitations [65,67,84-88].)

Returning to the SU(3) structure of the states within each band, con-
sidering now the pure states, in the pure intruder band [Fig. 7(e,f)],
the decompositions of the 01+mr and 2;;“ states are nearly identical. For
the pure normal band [Fig. 7(g,h)], contributions arise with the same
quantum numbers in both the 0 and 2} states, but their relative
magnitudes vary. Notably, the 2}  state [Fig. 7(g)] has a more sig-
nificant .S = 1 contribution, from states labeled by 0(0, 1)1, which may
indicate a weakening of an underlying 2« cluster structure. This differ-
ence in decompositions also provides context for the differences in the
Q,, values extracted for the pure normal band in Fig. 4(g).

Despite SU(3) symmetry breaking, there is no significant overlap in
the distributions over SU(3) quantum numbers for the pure intruder
band and for the pure normal band. The stark difference in SU(3) con-
tent of the two bands provides a more microscopically based interpreta-
tion of why interband transitions between the pure bands vanish. Both
the EO and E?2 transition operators can be expressed as a linear com-
bination of SU(3) tensors, namely [b" x b]0-D, [bT x 5T1Z90, [hx 5]©-2),
and [b" x b]©0 [64,89], where b' and b are the boson creation and an-
nihilation operators. From SU(3) and spin selection rules on each tensor
term, it can be shown that the matrix elements of either transition oper-
ator vanish between any subspace seen in Fig. 7(e,f) to contribute > 5%
to the pure intruder band and any seen in Fig. 7(g,h) to contribute > 5%
to the pure normal states.
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5. Conclusion

In this work we have investigated the underlying structure of the
low-lying positive parity states of !?Be. As we demonstrate, the intruder
nature of the lowest lying state emerges ab initio in the NCSM frame-
work, without any assumptions of, e.g., shell structure, clustering, or
symmetry. With the calculated energies, radii and electromagnetic tran-
sitions in reasonable agreement with experiment, the calculated wave
functions can now be used to probe the underlying structure of the low
lying spectrum of !2Be.

Within the ab initio calculated spectrum for '2Be, signatures of nu-
clear rotations emerge. Rotational bands are identified as states con-
nected by enhanced E2 transitions with energies approximately con-
sistent with characteristic rotational energies. In particular, an intruder
K =0 band built on the ground state and a normal K =0 band built on
the first excited 0" appear. However, a simple symmetric rotor model
is insufficient to describe the >Be spectrum. The O;rm energy deviates
from the rotational J(J + 1) energy relation, while radii and intrin-
sic quadrupole moments are inconsistent within each band. Decompo-
sitions of band members by N, and SU(3) symmetry also highlight
inconsistencies in the intrinsic structure within each band.

Two-state mixing can explain the discrepancies between the NCSM-
calculated observables and the rotational picture. The low-lying spec-
trum can thus be described in terms of mixing between members of two
pure bands with very different intrinsic structure, namely an intruder
band and a normal band. By assuming that the proton EQ transitions
between the pure bands vanish, we deduce a mixing angle and use it to
extract properties of the pure bands from the NCSM-calculated observ-
ables. The (extracted) observables, e.g., radii and intrinsic quadrupole
moments, associated with the pure band members, as well as the energy
of the pure Oitm state, are significantly more consistent with rotational
model expectations. Moreover, N, and SU(3) symmetry decomposi-
tions are more constant within each band.

Both of the K =0 bands (as well as a K =2 intruder band) exhibit
an approximate SU(3) symmetry. Within each band, the largest SU(3)
contribution comes from the same SU(3) subspace, notably the SU(3)
subspace associated with the largest deformation in the corresponding
N,y subspace. Moreover, the angular momenta of the band members
are exactly those expected in Elliott’s rotational model for an intrinsic
state with quantum numbers corresponding to that largest contributing
symmetry subspace. Although the SU(3) symmetry is only approximate,
the pure states have notable contributions from only a few SU(3) sub-
spaces. Much of the apparent fragmentation of SU(3) is instead a result
of the two-state mixing.

The mixing framework applied in this work assumes EO transitions
between the pure bands vanish. This assumption is typically motivated
by the argument that the EO operator cannot connect states with very
different intrinsic shape. In light nuclei intrinsic shape is often not well
defined. However, the stark difference in the SU(3) content of the pure
bands provides a microscopic explanation for vanishing EO interband
transitions: selection rules forbid EO transitions between any of the
SU(3) subspaces contributing significantly to the intruder band mem-
bers and any of the SU(3) subspaces contributing significantly to the
normal band members.

Thus, a remarkably simple picture emerges from the ab initio calcu-
lated spectrum, for which the only input was the inter-nucleon inter-
action. The low lying spectrum of '>Be can be described as mixing of
a K =0 intruder band and a K =0 normal band with very different
intrinsic structure.
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